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We study excitation of gap solitons under the conditions of coherent perfect absorption (CPA). Our system con-
sists of a symmetric periodic structure with alternating Kerr nonlinear and linear layers, illuminated from both
the ends. We show near-total transfer of incident light energy into the gap solitons resulting in null-scattering.
We also report on the nonlinear super-scattering (SS) states. Both the CPA and the SS states are shown to be
characterized by typical field distributions. Both the exact and the approximate results (based on nonlinear
characteristic matrix method) are presented, which show good agreement. c© 2018 Optical Society of America
OCIS codes: 190.1450, 190.3270, 130.4815
Nonlinear stratified media, in particular, nonlinear pe-
riodic media have drawn considerable attention over the
past few decades due to their tremendous application
potentials [1]. In recent years there is a renewed inter-
est because of fundamental issues involving PT sym-
metry and the associated spectral singularities [2–6].
In the context of illumination from one side, particu-
lar attention was given to nonlinear periodic structures
where the incident light frequency was chosen in the
stop gap. It was shown that nonlinearity induced total
transmission through the structure can be effected when
the field distribution inside the layered medium corre-
sponds to soliton-like spatial patterns [7,8]. A great deal
of work has been carried out on such gap solitons both
with continuous and discrete periodicities [1,9–11]. There
are also reports on such gap solitons in PT symmet-
ric systems [4, 5]. Exact solutions for gap solitons for
s-polarized light is now known [8]. Simultaneously ap-
proximate methods like nonlinear characterstic matrix
method (NCMM) were also developed to capture the
same physics [1, 12]. These methods were extensions of
the linear characteristic matrix theory based on slowly
varying envelope approximation (SVEA) [13].
From a different angle there have been efforts to in-
tegrate the notions of recently invented coherent per-
fect absorption (CPA) [14–17] with nonlinearity [18–20].
It was shown that nonlinearity can play a vital role in
restoring CPA in off-resonant systems [19,20]. In the con-
text of recent advancements in the theory and experi-
ments on CPA, it is an interesting problem to integrate
the notions of CPA with gap solitons. One can ask the
question if it is possible to channel all the incident plane
wave energy into the gap solitons. Clearly this would
mean CPA like null-scattering leading to an energy ef-
ficient system. In this letter we investigate a symmetric
periodic structure with alternating Kerr nonlinear and
linear layers. Like in CPA the system is illuminated from
both left and right ends [16]. We exploit the symmetry
of the structure to calculate the incident intensities un-
der which there is little or no outgoing waves from the
structure. We also study the super scattering (SS) states
which correspond to constructive interference as opposed
to CPA. Depending on the parameters of the system,
the null-scattering states correspond to one-, two-, and
more-, soliton-like intensity distributions in the nonlin-
ear layered medium. Calculations are performed using
the NCMM and confirmed by exact numerical integra-
tion of the differential equations. We present details of
each of the methods. The agreement of the approximate
and the exact theory validates the NCMM applied to
such nonlinear systems.
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Fig. 1. Schematic view of the symmetric periodic layered
medium with N periods consisting of ‘a’ and ‘b’ type lay-
ers. ‘a’ (‘b’) type layer is nonlinear (linear) with dielectric
function ǫ¯a (ǫb) and width da (db). Keeping symmetry in
view we have labeled the layers from the central one.
Consider the periodic layered medium shown in Fig. 1.
Let the number of periods be N resulting in 2N+1 layers
for the total structure. We assume the central layer to
be Kerr nonlinear and extreme layers to be linear with
lower refractive index. The dielectric function of the Kerr
nonlinear slab is given by
ǫ¯a = ǫa + α|E|2, (1)
where α is the nonlinearity constant. Let the structure
be illuminated at an angle, θ from both the sides by
monochromatic s-polarized waves of wavelength λ. Mov-
ing to dimensionless variables as
z → k0z (k0 = ω/c), E →
√
αE, (2)
one can write down the Maxwell’s equations for tangen-
tial components of electric and magnetic fields in any jth
1
layer as
dEjy
dz
= −iHjx, (3)
dHjx
dz
=


−i[(ǫj − p2x) + |Ejy |2]Ejy for even j,
−i[(ǫj − p2x)]Ejy for odd j,
(4)
where px =
√
ǫi sin θ. Note that Ejy , Hjx are in gen-
eral complex and one has four coupled nonlinear equa-
tions for the real and imaginary parts of the fields. We
have numerically integrated this set with proper bound-
ary conditions to obtain the exact results (see below).
In what follows we present the outline of the approx-
imate NCMM which has been used extensively in the
past [1, 9, 21]. The propagation through each nonlinear
layer is obtained in terms of the approximate (under
SVEA) solution for the electric field as [13]
Ejy = Aj+e
ipjz+(z−zj) +Aj−e
−ipjz−(z−zj), (5)
with zj ≤ z ≤ zj+1, z0 = 0 and pjz+ (pjz−) denotes the
normalized (to k0) z component of propagation constant
for forward (backward) propagating waves with ampli-
tudes Aj+ (Aj−). pjz± are given by the following
pjz± =


√
ǫj − p2x + (|Aj±|+ 2|Aj∓|) for even j,
√
ǫj − p2x for odd j.
(6)
We choose θ in range
ǫa − p2x > 0, ǫb − p2x < 0, (7)
in order to ensure that the waves are propagating
(evanescent) in nonlinear (linear) layers. Thus the struc-
ture shown in Fig. 1 represents a system of N coupled
nonlinear wave guides, sandwiched between two identical
high index prisms representing a resonant tunneling ge-
ometry [22–24]. Thus transmission through the structure
can be realized when the resonant modes (the so called
supermodes) are supported by the coupled guides [9,24].
For the illumination angle in the stop gap, total trans-
mission of the nonlinear system for one sided illumina-
tion is known to lead to gap solitons [1, 7–10].
The column vectors with the tangential field compo-
nents Ejy , −Hjx as components, can be related at two
different planes z = zj and z = zj+1 as(
Ejy
−Hjx
)
z=zj
= Mj
(
Ejy
−Hjx
)
z=zj+1
, (8)
where Mj denotes the nonlinear (linear) characteristic
matrix [1] when j is even (odd). For CPA like excita-
tion scheme (with both sided illumination) we exploit
the symmetry (as in [20]) of the structure allowing only
the symmetric (A0+ = A0− = A0) and the antisym-
metric (A0+ = −A0− = −A0) solutions. This results in
p0z+ = p0z− = pz0. By treating A0 as a parameter one
can calculate the incident amplitude Ai+(Af−) and the
scattered amplitudes Ai−(Af+) on the left (right) sides
outside the layered medium. For example, starting from
z0 = 0 in the central layer one can calculate the ampli-
tudes in the nonlinear layer labeled by j = −2 as(
A−2+
A−2−
)
=
(
1 1
p−2z+ −p−2z−
)−1
M1(db)×
×M0(da/2)
(
1 1
p0z −p0z
)(
A0
±A0
)
, (9)
where M1(da/2) and M2(db) denote the characteristic
matrices for nonlinear and linear layers of widths da/2,
db, respectively. Since one doesn’t know A−2± apriori,
p−2± are also not known. p−2± and hence A−2± are
then evaluated by taking | · · · |2 on both the sides of
Eq. (9) yielding the corresponding intensity relations and
then using fixed point iteration for the coupled nonlinear
equations [9]. Continuing the same procedure for all the
layers, for example, till the left end we have(
Ai+
Ai−
)
=
(
1 1
piz −piz
)−1
MN(db)MN−1(da) · · ·
· · ·M1(db)M0(da/2)
(
1 1
p0z −p0z
)(
A0
±A0
)
, (10)
where piz denotes the z component of the propaga-
tion constant for the incident (scattered) wave of am-
plitude Ai+ (Ai−) on the left side of the structure. One
can also propagate towards right and evaluate the scat-
tered (Af+) and the incident (Af−) wave amplitudes.
As a consequence of inherent symmetry we find that for
symmetric (antisymmetric) solution Ai+ = Af− = Ain
(Ai+ = −Af− = −Ain) and Ai− = Af+ = At (Ai− =
−Af+ = −At) [20]. We can thus define the normalized
scattering intensity as S = |Ai−/Ai+|2 = |Af+/Af−|2 =
|At/Ain|2 as a quantitative measure of CPA.
We now outline the symmetry considerations for the
exact numerical integration. With the origin as defined
in Fig. 1, the supported solutions are either symmetric
or antisymmetric with
Ey(−z) = Ey(z), Hx(−z) = −Hx(z), (11)
Ey(−z) = −Ey(z), Hx(−z) = Hx(z), (12)
respectively. Thus at z = 0 in the central layer we have
Hx = 0 (Ey = 0) for the symmetric (antisymmetric)
solution. The other non vanishing component Ey (Hx)
at z = 0 is treated as a parameter for symmetric (anti-
symmetric) solution. The initial conditions at z = 0 for
the tangential components of the electric and magnetic
fields are thus known and Eqs. (3)-(4) can be numerically
integrated till the left/right end ensuring the continuity
of the fields at every interface. Since the prisms are as-
sumed to be linear the incident and scattered intensities
can be computed in a straight forward manner from the
knowledge of tangential fields.
We now present our numerical results. Most of the
results presented are exact, obtained by numerical inte-
gration of Eqs. (3)-(4). Direct numerical integration is
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used instead of the known exact solutions for Kerr non-
linear layers for s-polarized light [8] with future goals
in mind. The technique used here is valid for any form
of nonlinearity including the saturation type, which is
attracting a lot of attention in the context of regulariza-
tion of spectral singularities [25]. We also included some
NCMM results to compare with exact ones to check the
validity of the SVEA, which is often used in many other
nonlinear systems. Throughout our calculations we have
taken ǫa = 4.0, ǫb = 2.25 + i 0.5 × 10−3, N = 19, ǫi =
6.145, da = 0.2λ, db = 0.365λ and θ is varied in between
41.0◦ and 45.0◦, where the condition given by Eq. (7) is
satisfied.
We first study the linear properties. Let the ampli-
tude reflection and transmission coefficients with uni-
directional illumination be denoted by r and t, respec-
tively. The results for the corresponding intensity re-
flection R = |r|2 and intensity transmission T = |t|2
as functions of the angle of incidence are shown in
Fig. 2(a). The sharp resonances in Fig. 2(a) in a small
range of angles are due to resonant tunneling of elec-
tromagnetic radiation. The number of such resonances
coincides with the number of the guides as expected. At
every resonance we have the characteristic phase jump
of π (not shown here) between reflected and transmit-
ted light (∆φ = |φr − φt|). Thus if one satisfies |r| = |t|
for unidirectional illumination near any of these reso-
nances then one can have CPA for two sided illumination
geometry [16]. We studied the linear CPA for bidirec-
tional illumination of the structure for both symmetric
and antisymmetric solutions. The CPA-like dips in scat-
tering are shown in Fig. 2(b) for given losses and sys-
tem parameters. We label these dips by integers 0, 2, 4
(1, 3, 5) for symmetric (antisymmetric) solutions from
the extreme right end. A prominent CPA-like dip can
be seen in Fig. 2(b) for the resonance labeled by 2 as
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Fig. 2. Linear responses of the system: (a) Reflection R
(dashed) and transmission T (solid) coefficients and as
functions of θ for unidirectional illumination; (b) Inten-
sity scattering log10 S vs. θ for bidirectional illumination
for symmetric (solid) and antisymmetric (dashed) solu-
tions. The CPA-like dips are labeled from the extreme
right with even (odd) integers for symmetric (antisym-
metric) cases.
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Fig. 3. Nonlinear response of the structure for bidirec-
tional illumination. Intensity scattering (log10 S) as a
function of incident intensity Ui in the stop gap with
θ = 44.81◦ for (a) symmetric and (b) antisymmetric solu-
tions. The CPA-like dips are labeled by 0, 2, 4 (1, 3, 5,)
on the left (right) panel. The insets show the correspond-
ing nonlinear SS states.
|r| ≈ |t| at that particular angle (see Fig. 2(a)) and the
phase condition is met by characteristic phase jump at
the resonance.
Having discussed the linear properties, we investigate
the nonlinearity induced changes when the operating
point (angle of incidence) is chosen in the stop gap
(marked by a cross in Fig. 2, i.e., at θ = 44.81◦). Note
that the stop gap boundary occurs at θ = 44.76◦. An in-
crease in incident intensities leads to an increase (for α >
0) in the optical widths of the nonlinear layers and hence
to bent resonances [12]. This is shown in Fig. 3, where
the scattered intensity is plotted against the incident in-
tensity for both the symmetric (Fig. 3(a)) and the anti-
symmetric (Fig. 3(b)) solutions, respectively. The CPA-
like dips are labeled following their linear counterparts
in Fig. 2(b). The symmetric (antisymmetric) dips 0, 2, 4
(1, 3, 5) occur at Ui = 1.877×10−4, 6.12×10−5, 1.47×
10−4 (Ui = 5.10 × 10−5, 9.56 × 10−5, 2.004 × 10−4).
Since, the nonlinearity drives the on-resonant system
away from the CPA resonance [20], it is difficult to have
CPA at both low and high powers for the same system
under identical conditions. Till now our attention was
on destructive interference and the resulting CPA un-
der optimal conditions. In contrast, one can have con-
structive interference and super scattering, leading to
maximal scattered intensities. Such nonlinear SS states
are shown in the insets of Fig. 3(a) and Fig. 3(b). The
lowest order symmetric (antisymmetric) SS states oc-
cur at Ui = 4.569 × 10−3, 6.976 × 10−3, 1.755 × 10−2
(Ui = 4.872× 10−3, 1.136× 10−2, 2.555× 10−2).
Finally we study the normalized intensity |E|2 dis-
tribution in the total structure corresponding to the non-
linear CPA-like and SS states by both exact and approx-
imate methods. The typical field profiles corresponding
to nonlinear CPA are shown in Fig. 4, with left (right)
column corresponding to the symmetric (antisymmet-
ric) solutions. The dashed (solid) curves represent the
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Fig. 4. |E|2 (normalized intensity) in the total structure
as functions of z corresponding to the nonlinear CPA-
like dips. Solid (dashed) curves correspond to exact (ap-
proximate) solutions. The results shown in (a)−(d) are
referred to the points 0 − 3 in the Figs. 3(a) and 3(b).
The envelops shown by dotted curves in Fig. 4(a) can be
fitted with A/ cosh2(βz).
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Fig. 5. Same as in Fig. 4 but now |E|2 corresponds to
nonlinear SS states as labeled by the point (a) 0′ (sym-
metric solution), and (b) 1′ (antisymmetric solution) in
the insets of Fig. 3
.
field profiles as calculated by NCMM (exact integra-
tion). One can see the one-, two-, etc, soliton-like inten-
sity profile (see Fig. 4) for CPA-like cases. For example,
the envelope of the distribution in Fig. 4(a) can be fit-
ted with A/ cosh2(βz) to the exact (approximate) result
with β = 0.0895 and A = 0.0252 (0.0301) (see Fig. 4(a)
dotted curves). As compared to the CPA states, the SS
ones are characterized by an intensity profile with fields
localized away from the center (see Fig. 5(a), (b) for SS
states labeled by 0′ and 1′ in Fig. 3). As one can see,
both the methods differ very little validating the SVEA
in this context with NCMM estimates for |E|2 to be
slightly higher than those of the exact results.
In conclusion, we have studied a Kerr nonlinear pe-
riodic layered medium irradiated by s-polarized plane
waves from both the sides and presented the exact nu-
merical results for CPA. The angle of illumination was
chosen inside the stop gap of the linear counterpart. We
have shown that CPA in such structures correspond to
one- two- etc. soliton-like distributions of the field inside
the structure. These results are also obtained by mak-
ing use of the NCMM offering a true test of the SVEA.
The good correspondence of the exact and the approxi-
mate results is indicative of the validity of the SVEA and
similar approximations of nonlinear optics so far as there
are no evanescent waves in the Kerr-nonlinear media. We
have also studied the field distributions corresponding to
the cases of nonlinear super-scattering (maximal scatte-
ring). The excitation of the nonlinear gap solitons with
CPA mediated near-null scattering may have interesting
application in switching and integrated optical devices.
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